Regression 13.1, 13.2, 13.6

-A regression model is a mathematical equation that describes the relationship between two or more variables).  

Simple Regression

-A simple regression model includes only two variables:  x – called the independent, predictor or explanatory variable  and y – called the dependent or response variable.  The simple linear regression model uses x the “explain” y. 

-We call the regression linear when the line that describes the relationship between x and y is straight.  

The equation for a line takes the form




y = A + Bx

Where A is called the intercept and B is the slope.  The intercept, A, describes the value of y when x is zero.  The slope, B, describes the amount that y increases for each unit increase of x.

-This line can be used the to predict values for y using the values of x.

Ex:  Consider the relationship between square footage in a house and mortgage cost.




y = 58.2 + 0.5183 * x

or 



mortgage = 58.2 + 0.5183 * size of house

What is the mortgage cost for a 1700 square foot house?

What is the mortgage cost for a 2300 square foot house.

Interpret the intercept A=58.2 and the slope B=0.5183.

The equation




y = A + Bx

is called an exact or deterministic model if the equation exactly predicts y using x.  This type of relationship can exist by creation but often doesn’t model real life.

Ex:  Bob works on commission at a car dealership.  He earns 100 dollars a week base pay, and an additional 150 for each car he sells.  Then the exact relationship between the number of cars Bob sells (x) and his take home pay (y) is

In many situations and exact relationship does not exist.  Often there are many y’s that can be observed for a given x.  This type of relationship is called a statistical relationship.
Ex: Consider the relationship between square footage in a house and mortgage cost.  For a given square footage, there could be many monthly mortgage costs, influenced by many other factors such as location, amenities, # of bathrooms, etc.

For this statistical relationship, we introduce an error term, ε (called epsilon).  The model becomes




y = A + Bx + ε

Where ε is some unknown random error term based on unknown or un-measurable factors.  The most common unknown factor is random variation.   The world is unpredictable, randomness happens.

Estimating A and B

In reality, we don’t know A and B in a statistical relationship, but we can estimate these values from the data.  When these values are estimated the regression equation becomes
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Where a  and b are estimated from the data, and ε is built into the estimates of a  and b.  This is the equation for the “best fit” line through a set of observations on a scatterplot.  
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 is the predicted y value, or the expected value of y given a particular value of x.

How do we find this line?

Ex: Consider the following data for House size and monthly mortgage cost.

	size of house
	2100
	1300
	1900
	2700
	3400
	2300

	mortgage
	1000
	780
	1120
	1500
	1850
	1200


We can plot the data on a scatterplot, but what is the best line through the data points?
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The best line is the one that minimizes the total distance between the line and the actual data points.  The distance from an individual point to the line is denoted e for error, e = 
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To find the line, we mathematically create line that minimizes the sum of squared errors
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We use a computer to do the math for us.

Ex:
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I will always give you the best fit line, but it is up to you to interpret it.  

Interpret a, the intercept

Interpret b, the slope

What is the nature of the relationship (strength and direction)

Ex:  Consider the relationship between the age of a used car and the resale price.

Y = Price (in 1000 dollars)

X = Car age

	x
	10
	1
	2
	2
	3
	4
	3
	6
	5
	7
	7
	8
	7
	9

	y
	1
	9
	5
	8
	8
	7
	6
	7
	5
	4
	3
	1
	2
	3



[image: image7.wmf]x

y

1

0

8

6

4

2

0

9

8

7

6

5

4

3

2

1

0

S

1

.

4

2

8

5

1

R

-

S

q

7

3

.

6

%

R

-

S

q

(

a

d

j

)

7

1

.

5

%

F

i

t

t

e

d

 

L

i

n

e

 

P

l

o

t

y

 

=

 

 

9

.

1

9

9

 

-

 

0

.

8

0

7

9

 

x


Interpret the slope, the intercept and describe the nature of the relationship.

Predict the resale price of a 4 year-old car.

What is the error at x = 4?

Note on prediction:  Never predict out side of the range of your data.  You can only use x’s within the range of your original x’s to use in prediction of y.

We can’t use the above model to predict the resale price of a 20 year car since our data only ranges from 1 year old to 10 years old.

Assumptions for the Linear Regression Model

Assumption 1: The expected value of the error, e, is zero at any given x.  

- This is equivalent to saying that a true straight line exists and it’s okay that we are using the data to create a line shouldn’t be trying to make a curve or some other model.  This is built into the linear model.

Assumption 2:  The errors associated with different observations are independent.  

-This is assured if the observations are independent.

Assumption 3: The errors are normally distributed at any given x. 

-This is equivalent to saying that if we hold x constant, then the y’s are normally distributed.

Assumption 4: The distribution of population errors for each x has the same (constant) standard deviation.
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Linear Correlation Coefficient 13.6

-The linear correlation coefficient, ρ (rho) and the sample linear correlation coefficient, r, is a descriptive measure of the strength an direction of the linear (straight line) relationship between two quantitative variables.  We often don’t know ρ but we estimate with r.

-the sign of r reflects the slope of the regression line

-the magnitude of r indicates how close the data is to being perfectly linear (falling on the line).  The value of r is between –1 and 1.  Where 1 is perfect positive correlation, -1 is perfect negative correlation, and 0 is no linear correlation.

See Drawings!

Ex: Using the car data
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Minitab gives R-Sq, not r.  This is literally r2. This value tells us nothing about the direction, we need to look at the line to determine that.

r = 
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Hypothesis Testing in Regression

When we find the regression equation, 
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, and the correlation coefficient, r, we are finding statistics estimated from data.  Whenever we have statistics, we can do a hypothesis test. The values a, b, and r are estimates of the true parameters A, B and ρ.  We can do hypothesis tests on b and r to help us determine if the regression equation is useful and if the variable are significantly correlated.

For determining if regression is useful:

Step 1: State null and alternative. 



Ho: The regression equation is not useful 
(B=0) – the slope is zero



Ha: The regression equation is useful

(B≠0)


Step 2: State α
Step 3: Look at p-value from minitab.  This is the p-value associated with the predictor variable, not the p-value listed for the constant.

Step 4:If p-value < α then the regression equation is good.

For determining if the variables are correlated:

Step 1: State null and alternative. 



Ho: The variables are not correlated
(ρ =0) – the correlation coeff. is zero



Ha: The variables are correlated

(ρ ≠0)

Step 2: State α
Step 3: Look at p-value from minitab.  This is the p-value listed 

Step 4:If p-value < α then the variables are correlated.

For the regression model to be good for making predictions, and to know that performing linear regression is appropriate, we want to see small p-values.

Study Hours, X:    1     1      2      3      3      4      6              Assume regression assumptions hold.

Exam Score, Y :  61    72    74    73    77    82    92

Regression Analysis

The regression equation is

score = 61.6 + 5.00 study hrs

Predictor        Coef       StDev          T        P

Constant       61.636       3.030      20.35    0.000

study hr        5.002      0.9194       5.41    0.003

S = 3.993       R-Sq = 85.4%     R-Sq(adj) = 82.5%

Correlations: study hrs, score 

Pearson correlation of study hrs and score = 0.924

P-Value = 0.007
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1)  Predict the score of a student that studied 5 hours for the exam.

 y = 61.636 + 5.002 (5) =  86.646

2)  What is the value of the slope and interpret.

slope = b= 5.002       - means that for each addition hour of study, we would expect 5.002 points higher on the exam

intercept = a =  61.636  - means that someone who didn’t study (studies 0 hours) would expect a 61.636 on the exam

3)  Are study hours useful for predicting exam score according to this data?  Tell why?  

Yes, the p-value = .003 < α = .05   so we reject the null hypothesis that the regression is not useful.  Therefore the regression is useful.

4)  What is the value of the correlation coefficient?  

r2 = 85.4% = .854, so r = ((.854) = .924, we know r is positive since the slope is positive.

5) Can we conclude that the variables are significantly correlated? Do a test at the 5% level.

Yes, the p-value = .007 < α = .05   so we reject the null hypothesis that the variables are not correlated. Therefore the variables are correlated.
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��������Worksheet 1: Fitted Line Plot���������������������������������������������������������������������������������������������������������������x-������ð,��Worksheet 1: Fitted Line Plot���������������������������������������������������������������������������������������������������;; HMF V1.24 TEXT
;; (Microsoft Win32 Intel 386)  HOOPS 4.12-3 I.M. 3.00-3
(Selectability "windows=off,edges=on!,faces=on,lights=on,lines=on!,markers=on,i
mages=on,text=on,string cursors=on")
(Visibility "on")
(Color_By_Index "Window" 0)
(Color_By_Index "Geometry,Face Contrast" 1)
(Window_Frame "off")
(Window -1 1 -1 1)
(Camera (0 0 -5) (0 0 0) (0 1 0) 2 2 "Stretched")

;; (Driver_Options "disable input,no update interrupts,use window id=2308")
(Edge_Pattern  "---")
(Edge_Weight 1)
(Face_Pattern "solid")
(Heuristics "no related selection limit")
(Line_Pattern  "---")
(Line_Weight 1)
(Marker_Size 0.421875)
(Marker_Symbol ".")
(Text_Font "name=arial-gdi-vector,no transforms,rotation=follow path")
(User_Options "angle=0,arrowdir=0,arrowstyle=0,polygon=0,isdata=0,mtb aspect ra
tio=0.667925,graphicsversion=5,optiplot=0,toplayer=0,textfollowpath=1,ldfill=0,
solidfill=0,3d=0,usebitmap=0,canbrush=0,brushrows=7,light scaling=.00000")
(Segment "include" ())
(Front ((Segment "figure1" (
    (Window_Pattern "clear")
    (Window -1 1 -1 1)
    (User_Options "viewinfigurecoord=0")
    (Front ((Segment "region" (
	(Front ((Segment "figure box" (
	    (Visibility "polygons=off,lines=off")
	    (Color_By_Index "Face Contrast,Line,Edge" 1)
	    (Color_By_Index "Face" 0)
	    (Edge_Pattern  "---")
	    (Edge_Weight 1)
	    (Face_Pattern "solid")
	    (Line_Pattern  "---")
	    (Line_Weight 1)
	    (User_Options "solidfill=1")
	    (Segment "" (
	      (Polygon ((-0.99995 -0.99995 0) (0.99995 -0.99995 0) (0.99995 
		 0.99995 0) (-0.99995 0.99995 0)))))))
	  (Segment "data box" (
	    (Visibility "faces=off")
	    (Color_By_Index "Polygon,Face Contrast,Line" 1)
	    (Edge_Pattern  "---")
	    (Edge_Weight 1)
	    (Face_Pattern "/")
	    (Line_Pattern  "---")
	    (Line_Weight 1)
	    (User_Options "ldfill=1,solidfill=1")
	    (Segment "" (
	      (Polygon ((-0.649967 -0.59997 0) (0.499975 -0.59997 0) (0.499975 
		 0.59997 0) (-0.649967 0.59997 0)))))))
	  (Segment "legend box" ())
	  (Segment "legend" (
	    (Window_Pattern "clear")
	    (Window -1 1 -1 1)
	    (User_Options "viewinfigurecoord=1")
	    (Front ((Segment "symbol1" ())))))))))
      (Segment "object" (
	(Front ((Segment "frame" (
	    (Window_Pattern "clear")
	    (Window -1 1 -1 1)
	    (Front ((Segment "tick" (
		(Front ((Segment "set1" (
		    (Color_By_Index "Face Contrast,Line,Text,Edge" 1)
		    (Edge_Pattern  "---")
		    (Edge_Weight 1)
		    (Line_Pattern  "---")
		    (Line_Weight 1)
		    (Text_Alignment "^*")
		    (Text_Font "name=arial-gdi-vector,size=0.02356 sru")
		    (Segment "" (
		      (Text -0.608623 -0.669966 0 "1")))
		    (Segment "" (
		      (Text -0.395173 -0.669966 0 "2")))
		    (Segment "" (
		      (Text -0.181722 -0.669966 0 "3")))
		    (Segment "" (
		      (Text 0.0317292 -0.669966 0 "4")))
		    (Segment "" (
		      (Text 0.24518 -0.669966 0 "5")))
		    (Segment "" (
		      (Text 0.458631 -0.669966 0 "6")))
		    (Segment "major" (
		      (Segment "" (
			(Front ((Polyline ((-0.608623 -0.59997 0) (-0.608623 
			     -0.639968 0)))))))
		      (Segment "" (
			(Front ((Polyline ((-0.395173 -0.59997 0) (-0.395173 
			     -0.639968 0)))))))
		      (Segment "" (
			(Front ((Polyline ((-0.181722 -0.59997 0) (-0.181722 
			     -0.639968 0)))))))
		      (Segment "" (
			(Front ((Polyline ((0.0317292 -0.59997 0) (0.0317292 
			     -0.639968 0)))))))
		      (Segment "" (
			(Front ((Polyline ((0.24518 -0.59997 0) (0.24518 
			     -0.639968 0)))))))
		      (Segment "" (
			(Front ((Polyline ((0.458631 -0.59997 0) (0.458631 
			     -0.639968 0)))))))))))
		  (Segment "set2" (
		    (Color_By_Index "Face Contrast,Line,Text,Edge" 1)
		    (Edge_Pattern  "---")
		    (Edge_Weight 1)
		    (Line_Pattern  "---")
		    (Line_Weight 1)
		    (Text_Alignment "*>")
		    (Text_Font "name=arial-gdi-vector,size=0.02356 sru")
		    (Segment "" (
		      (Text -0.719964 -0.579971 0 "60")))
		    (Segment "" (
		      (Text -0.719964 -0.224379 0 "70")))
		    (Segment "" (
		      (Text -0.719964 0.131214 0 "80")))
		    (Segment "" (
		      (Text -0.719964 0.486806 0 "90")))
		    (Segment "major" (
		      (Segment "" (
			(Front ((Polyline ((-0.649967 -0.579971 0) (-0.689965 
			     -0.579971 0)))))))
		      (Segment "" (
			(Front ((Polyline ((-0.649967 -0.224379 0) (-0.689965 
			     -0.224379 0)))))))
		      (Segment "" (
			(Front ((Polyline ((-0.649967 0.131214 0) (-0.689965 
			     0.131214 0)))))))
		      (Segment "" (
			(Front ((Polyline ((-0.649967 0.486806 0) (-0.689965 
			     0.486806 0)))))))))))))))
	      (Segment "grid" ())
	      (Segment "reference" ())
	      (Segment "axis" (
		(Front ((Segment "set1" (
		    (Color_By_Index "Face Contrast,Line,Text,Edge" 1)
		    (Edge_Pattern  "---")
		    (Edge_Weight 1)
		    (Line_Pattern  "---")
		    (Line_Weight 1)
		    (Text_Alignment "^*")
		    (Text_Font "name=arial-gdi-vector,size=0.04206 sru")
		    (Segment "" (
		      (Front ((Polyline ((-0.629968 -0.59997 0) (0.479976 
			   -0.59997 0)))))))
		    (Segment "" (
		      (Text -0.0749962 -0.758461 0 "study hrs")))))
		  (Segment "set2" (
		    (Color_By_Index "Face Contrast,Line,Text,Edge" 1)
		    (Edge_Pattern  "---")
		    (Edge_Weight 1)
		    (Line_Pattern  "---")
		    (Line_Weight 1)
		    (Text_Alignment "*>")
		    (Text_Font "name=arial-gdi-vector,size=0.04206 sru")
		    (Text_Path 6.12303e-17 1 0)
		    (Segment "" (
		      (Front ((Polyline ((-0.649967 -0.579971 0) (-0.649967 
			   0.579971 0)))))))
		    (Segment "" (
		      (Selectability "polygons=on!,text=off")
		      (Visibility "polygons=off")
		      (Text_Alignment "v>")
		      (Text_Path 0 1 0)
		      (User_Options "angle=90,polygon=3,linect=1,charct=5")
		      (Polygon ((-0.877938 -0.111525 0) (-0.877938 0.0963219 0)
			(-0.774325 0.0963219 0) (-0.774325 -0.111525 0)))
		      (Renumber (Text -0.800228 -0.111525 0 "score") 1 "L")
		      (Segment "raw" (
			(Visibility "off")
			(Renumber (Text 0 0 0 "score") 1 "L")))))))))))))))
	  (Segment "data" (
	    (Window_Pattern "clear")
	    (Window -0.63 0.48 -0.58 0.58)
	    (User_Options "isdata=1,viewinfigurecoord=1")
	    (Front ((Segment "symbol1" (
		(Segment "points" (
		  (Color_By_Index "Marker" 1)
		  (Marker_Size 0.421875)
		  (Marker_Symbol "@")
		  (User_Options "canbrush=1,brushsetup=0,grouping=0")
		  (Segment "" (
		    (Marker_Size 0.210938)
		    (Marker_Symbol "@")
		    (User_Value 1)
		    (Marker -0.96149 -0.938641 0)))
		  (Segment "" (
		    (Marker_Size 0.210938)
		    (Marker_Symbol "@")
		    (User_Value 2)
		    (Marker -0.96149 -0.264242 0)))
		  (Segment "" (
		    (Marker_Size 0.210938)
		    (Marker_Symbol "@")
		    (User_Value 3)
		    (Marker -0.576894 -0.141624 0)))
		  (Segment "" (
		    (Marker_Size 0.210938)
		    (Marker_Symbol "@")
		    (User_Value 4)
		    (Marker -0.192298 -0.202933 0)))
		  (Segment "" (
		    (Marker_Size 0.210938)
		    (Marker_Symbol "@")
		    (User_Value 5)
		    (Marker -0.192298 0.0423032 0)))
		  (Segment "" (
		    (Marker_Size 0.210938)
		    (Marker_Symbol "@")
		    (User_Value 6)
		    (Marker 0.192298 0.348848 0)))
		  (Segment "" (
		    (Marker_Size 0.210938)
		    (Marker_Symbol "@")
		    (User_Value 7)
		    (Marker 0.96149 0.961938 0)))))))))))))))
      (Segment "labels" (
	(Window_Pattern "clear")
	(Window -1 1 -1 1)))
      (Segment "annotation" (
	(Window_Pattern "clear")
	(Window -1 1 -1 1)
	(Front ((Segment "line1" (
	    (Color_By_Index "Face Contrast,Line,Edge" 1)
	    (Edge_Pattern  "---")
	    (Edge_Weight 2)
	    (Line_Pattern  "---")
	    (Line_Weight 2)
	    (Segment "" (
	      (Front ((Polyline ((-0.608623 -0.344795 0) (-0.565933 -0.309398 0
		   ) (-0.523243 -0.274 0) (-0.480553 -0.238602 0) (-0.437863 
		   -0.203205 0) (-0.395173 -0.167807 0) (-0.352482 -0.13241 0) 
		  (-0.309792 -0.097012 0) (-0.267102 -0.0616144 0) (-0.224412 
		   -0.0262168 0) (-0.181722 9.18075e-3 0) (-0.139032 0.0445783 
		   0) (-0.0963413 0.0799759 0) (-0.0536512 0.115374 0) 
		   (-0.010961 0.150771 0) (0.0317292 0.186169 0) (0.0744194 
		   0.221566 0) (0.11711 0.256964 0) (0.1598 0.292361 0) 
		   (0.20249 0.327759 0) (0.24518 0.363157 0) (0.28787 0.398554 
		   0) (0.33056 0.433952 0) (0.373251 0.469349 0) (0.415941 
		   0.504747 0) (0.458631 0.540145 0)))))))))
	  (Segment "line2" (
	    (Color_By_Index "Face Contrast,Line,Edge" 1)
	    (Edge_Pattern  "---")
	    (Edge_Weight 1)
	    (Line_Pattern  "---")
	    (Line_Weight 1)))
	  (Segment "line3" (
	    (Color_By_Index "Face Contrast,Line,Edge" 1)
	    (Edge_Pattern  "---")
	    (Edge_Weight 1)
	    (Line_Pattern  "---")
	    (Line_Weight 1)))
	  (Segment "line4" (
	    (Color_By_Index "Face Contrast,Line,Edge" 1)
	    (Edge_Pattern  "---")
	    (Edge_Weight 1)
	    (Line_Pattern  "---")
	    (Line_Weight 1)))
	  (Segment "line5" (
	    (Color_By_Index "Face Contrast,Line,Edge" 1)
	    (Edge_Pattern  "---")
	    (Edge_Weight 1)
	    (Line_Pattern  "---")
	    (Line_Weight 1)))))))))))
  (Segment "figure2" (
    (Window_Pattern "clear")
    (Window -1 1 -1 1)
    (User_Options "viewinfigurecoord=0")
    (Front ((Segment "region" (
	(Front ((Segment "figure box" (
	    (Visibility "polygons=off,lines=off")
	    (Color_By_Index "Face Contrast,Line,Edge" 1)
	    (Color_By_Index "Face" 0)
	    (Edge_Pattern  "---")
	    (Edge_Weight 1)
	    (Face_Pattern "solid")
	    (Line_Pattern  "---")
	    (Line_Weight 1)
	    (User_Options "solidfill=1")
	    (Segment "" (
	      (Polygon ((-0.99995 -0.99995 0) (0.99995 -0.99995 0) (0.99995 
		 0.99995 0) (-0.99995 0.99995 0)))))))
	  (Segment "data box" (
	    (Visibility "polygons=off,lines=off")
	    (Color_By_Index "Polygon,Face Contrast,Line" 1)
	    (Edge_Pattern  "---")
	    (Edge_Weight 1)
	    (Face_Pattern "/")
	    (Line_Pattern  "---")
	    (Line_Weight 1)
	    (User_Options "ldfill=1,solidfill=1")
	    (Segment "" (
	      (Polygon ((-0.299985 0.59997 0) (0.299985 0.59997 0) (0.299985 
		 0.79996 0) (-0.299985 0.79996 0)))))))
	  (Segment "legend box" ())
	  (Segment "legend" (
	    (Window_Pattern "clear")
	    (Window -1 1 -1 1)
	    (User_Options "viewinfigurecoord=1")
	    (Front ((Segment "symbol1" ())))))))))
      (Segment "object" (
	(Front ((Segment "frame" (
	    (Window_Pattern "clear")
	    (Window -1 1 -1 1)
	    (Front ((Segment "tick" ())
	      (Segment "grid" ())
	      (Segment "reference" ())
	      (Segment "axis" ())))))
	  (Segment "data" (
	    (Window_Pattern "clear")
	    (Window -0.28 0.28 0.62 0.78)
	    (User_Options "isdata=1,viewinfigurecoord=1")
	    (Front ((Segment "symbol1" (
		(Segment "points" (
		  (Color_By_Index "Marker" 1)
		  (Marker_Size 0.421875)
		  (Marker_Symbol "@")
		  (Segment "" ())
		  (Segment "" ())))))))))))))
      (Segment "labels" (
	(Window_Pattern "clear")
	(Window -1 1 -1 1)
	(Front ((Segment "symbol1" (
	    (Text_Alignment "v*")
	    (Text_Font "size=0.02524 sru")
	    (User_Options "isdata=0")
	    (Segment "" (
	      (Text 0 0.762295 0 "Y = 61.6364 + 4.97727X")))
	    (Segment "" (
	      (Text 0 0.687632 0 "R-Sq = 85.4 %")))))))))
      (Segment "annotation" (
	(Window_Pattern "clear")
	(Window -1 1 -1 1)))))))
  (Segment "annotation" (
    (Window_Pattern "clear")
    (Window -1 1 -1 1)
    (User_Options "toplayer=1")
    (Front ((Segment "text1" (
	(Color_By_Index "Text" 1)
	(Text_Alignment "^*")
	(Text_Font "name=arial-gdi-vector,size=0.05048 sru")
	(Segment "" (
	  (Text 0 0.979951 0 "Regression Plot")))))))))))
 -1 1)
    (User_Options "toplayer=1")
    (Front ((Segment "text1" (
	(Color_By_Index "Text" 1)
	(Text_Alignment "^*")
	(Text_Font "name=arial-gdi-vector,size=0.05048 sru")
	(Segment "" (
	  (Text 0 0.979951 0 "Regression Plot")))))))))))



