Chapter 6    Continuous Random Variables and the Normal Distribution

The most important distribution in statistics. . .the normal distribution.

I.  Continuous Probability Distribution

· Continuous Random Variable – a random variable that can assume any value in an interval.
· Now, consider the following histogram of test scores of 500 students:
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· We can approximate the shape of the distribution by a smooth curve.
· Density Curve -  aka Distribution Curve - a smooth (left continuous) curve or function that defines the true distribution of a variable (or data)

· in short, a smooth approximation to the histogram

· always on or above the horizontal axis

· has area of exactly one underneath it

Note: The area under the density curve between any 2 values corresponds to the proportion (percentage) of data that is between those values.
Characteristics of a Probability Distribution of a Continuous Random Variable

1) The probability that x is within an interval is between 0 and 1.

2) The probability that a continuous RV X  assumes a single value is always 0.

3) The total probability of all mutually exclusive intervals is 1. 
II.  The Normal Distribution
- A variable is normally distributed if it has the shape of a normal or bell shaped curve
Characteristics of the Normal Probability Distribution

1) Bell-shaped, symmetric, uni-modal
2) Total area under the curve is 1.

3) Curve is symmetric around the mean, µ.

4) The two tails extend out indefinitely.

5) Spread of distribution depends on the standard deviation.

- Notes: The mean is equal to the median.  The curve is centered at µ.  The curve approaches the horizontal axis outside of 3 standard deviations.
The Normal is defined by 2 parameters, µ and σ.  Where µ represents the center and  σ represents the spread.
Written              
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Ex: Sketch a normal distribution:  N(3,2)
· For a normally distributed variable, the percentage of all possible observations that lie within any range equals to the corresponding area under its associated normal curve.
Normal curves can only give probabilities for ranges, not for points:

There are infinitely many normal curves, and we would need to either know how to mathematically solve for probabilities (not possible) or use a table for each one (also not possible).  Instead we standardize the curve we are working with and we use the values from just one table, the standard normal or z-table (in the front and back of your book).

How do we standardize?

Z-values or Z-Scores:  standard deviations marked on the horizontal axis. 

A z-score will tell you exactly how many standard deviations a value is from the mean.

Also called standardized variable and is 
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Ex:  Let µ = 3 and σ=2 then the z-score for data value 4 is

Find the z score for -1 and 7.

Properties of z-score

1) Negative z values are for data values below the mean, positive are above.

2) Mean of z is 0, the standard deviation of z is 1.

3) Values of any RV can be standardized, but we focus on normal.
III.  The Standard Normal Distribution

· A normally distributed variable having mean 0 and standard deviation 1 is said to have a standard normal distribution.

We can standardize any normal random variable X by using the standardizing equation
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Ex:  N(µ,σ)

______________________________________________________

We want proportions or area between a and b we standardize to  N(0,1)

______________________________________________________

then we can compute the area between 
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.  Mathematics tells us that the area (or proportion) are the same before and after we standardize.

· For any normally distributed variable, we can find the percentage of all possible observations that lie within a specified range by:

(1) express the range in terms of z-scores

(2) find the corresponding areas under the standard normal curve 
How do we do this?

Table IV – also in front of your book.

 - The table gives areas that lie to the left of a value z or P(z<a). Where a is a value

Finding the Area to the Left of a Specified Z-Score

Ex: Find the probability that z assumes a value to the left of 1.23.   P(z < 1.23)
Find 1.2 on z column, and meet with .03 in the second decimal place column.  The area for z=1.23 is .8907
Ex: Find the probability that z assumes a value to the left of –1.48.   P(z < -1.48)

Finding the Area to the Right of a Specified Z-Score

Ex: Find the probability that z assumes a value to the right of  -.76.  P(z > -1.34)

Ex: Find the probability that z assumes a value to the right of 0.87.  P(z > .87)

In general, area to right = 1-(area to left)   or P(z>a) = 1 – P(z<a)
Finding the Area Between Two Specified Z-Scores
Ex: Find the probability that z assumes a value between z1 = -.68 and z2 =1.82

  P(-.68 < z < 1.82)

Use (area between a and b) = (area to left of b) – (area to left of a)

or  P(a <  Z < b) = P(z < b) – P(z < a)
Ex: Find the probability that z assumes a value between –2.89 and -.43.  
P(-2.89 < z < -.43)

Ex: Find the probability that z assumes a value between 1.53 and 2.21. 
P(1.53 < z < 2.21)

Finding the Area Between z=0 and Specified Z-Score

Ex:  Find the probability that z assumes a value between 0 and 1.95.   P(0 < z < 1.95)

Ex:  Find the probability that z assumes a value between 0 and –2.66.  P(-2.66 < z < 0)

IV.  Standardizing a Normal Distribution

Converting an x value to a z value

For a normal random variable X, a particular value of x can be converted to its corresponding z value by using the formula:
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where the ( and ( are the mean and standard deviation of the normal distribution of x.

Determining a percentage or probability for a Normal RV

Step 1: Sketch the normal curve associated with the variable. Mark µ and µ±σ, µ±2σ, µ±3σ.

Step 2: Shade in the region of interest and mark the delimiting (end) x-values.

Step 3: Compute the z-scores for the delimiting x-values (use 2 decimal values)

Step 4: Use table IV to obtain the area under the standard normal curve using the z-scores.

Ex:  Let x be a continuous random variable that has a normal distribution with (=12 and (=2.  Find the following areas:

(a) area between x=7.76 and x=12

(b) area to the left of x=14

Ex: Assume that amount spent by Christmas shoppers is normally distributed with mean $810 dollars with standard deviation $155?  Find the probability that a selected shoppers spends a) more than $1000  b) between $620 and $940

VI.  
Determine the z Values When the Area Under the Normal Curve is Known
- Given an area to the left of some z value, we can use the table to find the z.

Ex:  Find a point z such that the area under the standard normal curve to the left of that point is .04.  
       P(z < a) = .04  - find a

Ex:  Find the value of z such that the area under the Standard Normal curve in the left tail is .95
If the area we desire is directly between 2 area values in the z table, take the z value for the lower and higher and average them.

zα notation – the symbol zα is used to denote the z-score having an area of α to it’s right. 
Ex:  Find z.05   -  What does this mean.
We can also find the z-scores that divide the a middle area and 2 equal tales.
Ex: Find the z-scores that divide the total area into a middle .95 and 2 .025 tails.

Finding an x-value for a Normal Distribution

For a normal curve, if we know the values of ( and ( and for any area under the curve, the value of x is:   



x = zσ + µ
Finding observatons corresponding to a specified probability
Step 1: Sketch the normal curve associated with x. Mark µ but not σ intervals

Step 2: Shade, as close as possible, the region of interest.

Step 3: Use table IV to obtain z-scores that delimit the region in step 2.

Step 4: Obtain the x values based on the z-scores found in step 3 using




x = zσ + µ
Ex:  The print on a package of 100-watt General Electric soft-white light bulbs states that  these bulbs have an average life of 750 hours.  Assume the lives of all bulbs have a normal distribution with mean 750 hours and standard deviation of 50 hours.

(a) Find the life of a light bulb such that only 2.5% of all light bulbs have longer lives.

(b) Find the life of a light bulb such that only 80% of all light bulbs have longer lives.

EX: IQ’s are normally distributed with mean 100 and standard deviation 16.

a) What is the percentage of people who have IQ’s between 115 and 140?

b) What percent have IQ’s above 150?

c) What is the value for 90th percentile.
d) What is the IQR for IQ’s?

Empirical Rule – revisited

For any normally distributed population 

68.26% of all possible observations are between µ - σ and µ + σ.

95.44% of all possible observations are between µ - 2σ and µ + 2σ.

99.74% of all possible observations are between µ - 3σ and µ + 3σ.

In fact, now we can use the normal distribution to find a % for any interval µ + aσ.
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