CHAPTER 4:   PROBABILITY
I.  Experiments, Outcomes, and Sample Spaces
Definitions:
Experiment: it is a process which results in one and only one of many observations. 



Outcomes: observations derived from the experiment are called outcomes. 



Sample Space: it is the collection of all outcomes for an experiment.

Ex:  Consider the Experiment of flipping a coin.  List all the Outcomes in the Sample Space.

Ex:  Consider the Experiment of rolling a die.  List all the Outcomes in the Sample Space.

More Terms:
Event: is a collection of one or more or the outcomes of an experiment.



Simple Event: an event that includes one and only one the outcomes for an 





experiment is called a simple event and is denoted Ei.

Compound Event: is a collection of more than one outcome for an experiment.




Denote A,B,C,…  or A1, A2, A3, …

Ex.  Suppose I were to randomly select 2 people from this class and observe whether the person is a man or a women.


(a) Write the Sample Space.

(b) Write and denote each Simple Event.


(c) Consider and write the follow event: “one or two women are selected” – this is a compound event


(d) Draw a Tree Diagram to show all the outcomes of the Sample Space.
II.  Calculating Probabilities

Probability: Probability is a numerical measure of the likelihood that a specific event will occur.

Properties of Probability:

(1) the probability of an Event is between 0 and 1.





0 ≤  P(A) ≤ 1


(2) the probability of an Event that must occur is 1 (called a certain event). The probability of an event that cannot 

occur is 0 (called an impossible event).





P(Ø) = 0    and
 P(S) = 1


(3) the sum of all Simple Events (or final Outcomes) of an Experiment is 




Σ P(Ei) = P(E1) + P(E2) + P(E3) + . . .   + P(Ei) = 1

Equally Likely Outcomes: Two or more outcomes (or events) that have the same probability of occurrence are said to be equally likely outcomes.


Probability Rules For Equally Likely Outcomes:


(1)  
P(Ei) =                                 1                                   







Total number of outcomes for the experiment



(2)
P(A) =        Number of outcomes favorable to A         .   = =   f   .




Total number of outcomes for the experiment           N





Ex.  Consider the event of rolling a die.


(a) Find the sample space and show that each simple event are equally likely.


(b) Find the probability of the compound event “Roll an even die”

Ex: We have a bag of 4 m&m’s: 1 red(r), 1 green(g), 1 blue(b), 1 yellow(y)

What is the probability of selecting a red and a green when we select 2 (without replacement)

Sample space

E1 = select a red then a green

N = number of ways to select 2 m&m’s = 

f =  number of ways to select a red then green = 

P(E1) = 

What is probability we select at least 1 red M&M when we draw 2 (without replacement)?

A = a red is selected = 

N = 

f = 

Law of Large Numbers (Frequentist Interpretation of Probability)

If an experiment is repeated many times, the probability of an event obtained from the relative frequency base on the repetitions approaches the actual probability of the event occurring.

Ex: We would draw 1000 pairs of m&m’s and the number of pairs that had a red would approximate the probability of drawing a red.

Ex: We took a sample of 40 and asked the number of minutes is takes them to do their homework.  

	Time taken to complete homework
	Frequency
	Relative Frequency

	30-40
	3
	.075

	40-50
	1
	.025

	50-60
	8
	.200

	60-70
	10
	.250

	70-80
	7
	.175

	80-90
	7
	.175

	90-100
	4
	.100

	Total
	40
	1.0


Based on this sample, we can use the law of large numbers to estimate probabilities:

1)What is the probability that a student takes between 50 and 60 minutes to complete the homework?

2)What is the probability that a student takes less than 60 minutes to complete the homework?

3)What is the probability that a student takes between 30 and 100 minutes to complete the homework?

4)What is the probability that a student completes the homework in less than 30 minutes?

Based on this sample, no student finished in less than 30 minutes.  However, a different sample may have different results.  How do we get the best approximation possible?

IV.  Marginal and Conditional Probabilities

Contingency Table:  is used when we have two variables or characteristics.

Ex: if we also had data on whether or not the student was male or female

	
	Male
	Female
	Total

	30-40
	1
	2
	

	40-50
	1
	0
	

	50-60
	4
	4
	

	60-70
	3
	7
	

	70-80
	4
	3
	

	80-90
	2
	5
	

	90-100
	1
	3
	

	Total
	
	
	


How many Males took between 30 and 40 minutes to finish the homework?

What is the probability a selected person is male and took between 30 and 40 minutes to finish?

How many students were female?       Male?

What is the probability of being female?      Male?

Ex:  A random sample of 400 college students was asked if college athletes should be paid.  The results are as follows:

	
	Should be paid 

(P)
	Should not be paid (NP)
	

	Student non-athlete (NA)
	210
	90
	

	Student athlete (A)
	90
	10
	

	
	
	
	


What is the probability that a randomly selected student athlete is in favor of paying college athletes?

What is the probability that a randomly selected student is in favor of paying college athletes?

What is the probability a randomly selected student is an athlete?

Marginal Probability:  is the probability of a single event without the consideration of any other events.  We call these probabilities marginal, because they are based on data from the Total or Margin column and row. Marginal Probability is also called a Simple Probability.  Find and Interpret the following Marginal Probabilities.

P(A) = 

P(NA) = 

P(P) = 

P(NP) = 

Conditional Probabilities:  is the probability that an event will occur “given” that another event has already occurred.  It is the situation where the sample size is reduced.      

Denoted P(A(B)  as read as “probability of A given that B has already occurred.”

Ex:  A random sample of 80 lawyers was taken, and they were asked if they were in favor or against capital punishment.  The results are shown in the following contingency table:

	
	Favors Capital Punishment (C)
	Opposes Capital Punishment (O)
	

	Male (M)
	32
	26
	

	Female (F)
	13
	9
	

	
	
	
	


If one lawyer is selected at random:

Marginal Probability
· Consider the event C = a randomly selected lawyer is in favor of capital punishment.  What is P(C)?

· Consider the event F = a randomly selected lawyer is in female.  What is P(F)?

Conditional Probability

EX:  Consider the following events:

O = a randomly selected Lawyer is opposed to capital punishment

M = a randomly selected lawyer is male.

What is the probability that a randomly selected Lawyer is opposed to capital punishment given that Lawyer is male?

Find and interpret P(O(M).

	
	Favors Capital Punishment (C)
	Opposes Capital Punishment (O)
	

	Male (M)
	32
	26
	

	Female (F)
	13
	9
	

	
	
	
	


EX:  Consider the following events:

C = a randomly selected Lawyer favors capital punishment

F = a randomly selected Lawyer is female.

What is the probability that a randomly selected Lawyer is female given that Lawyer is in favor of capital punishment?

EX:  Consider the following events:

C = a randomly selected Lawyer favors capital punishment

F = a randomly selected Lawyer is female.

What is the probability that a randomly selected Lawyer is in favor of capital punishment given that Lawyer is female?

EX: Consider a die:  I will roll a die and give you some information, tell me how that info changes the probability.
V.  Mutually Exclusive Events




Introduce Venn Diagrams

Venn Diagram:  a display where the sample space is drawn as a large square and the events are drawn as circles

	



Mutually Exclusive:  Are Events that can never occur at the same time.  

	


	



Ex:  Consider the experiment of randomly selecting a card from a deck of cards.  The following are the events of interest:


A:  Select a black card


B:  Select a red card


C:  Select a heart
Ex:  Consider the experiment of rolling a die. The following are the events of interest:


A:  Roll an even die


B:  Roll an odd die

VI.  Independent Events vs. Dependent Events

Independent Events: two events are said to be independent if the occurrence of one event does not affect the probability of the occurrence of the other event.  

Dependent Events: two events are said to be dependent if the occurrence of one event affects the probability of the occurrence of the other event.

Ex:  Consider the experiment of flipping a coin 2 times. The following are the events of interest:



A:  Head occurs on the first flip



B:  Head occurs on the second flip

Are the two events Independent?

Ex:  Consider the experiment of selecting 2 M&M’s from a bag. This particular bag has 5 red, 3 blue, 6 brown, 8 yellow, and 7 green M&M’s.  The following are the events of interest:



A:  the first M&M selected is red



B:  the second M&M selected is blue

(a) Suppose after we select the first M&M, it is not replaced back into the bag.  Are A and B independent?

(b) Suppose after we select the first M&M, it is replaced back into the bag.  Are A and B independent?

Independent Events Formula: 
A and B are independent if:





P(A(B) = P(A)
or
P(B(A) = P(B)

Ex:  Recall the capital punishment example.  Are the events female and opposes capital punishment independent?

	
	Favors Capital Punishment (C)
	Opposes Capital Punishment (O)
	

	Male (M)
	32
	26
	

	Female (F)
	13
	9
	

	
	
	
	


VII.  Complementary Events

· Denoted 
[image: image1.wmf]A

…read “A Bar” or “A Complement.

· It is the event that includes all the outcomes for an experiment that are not in A.

	



Complementation Rule:  The probability an event occurs equals 1 minus the probability it does not occur.

P(A) + P(
[image: image2.wmf]A

) = 1   or   P(A) = 1 -  P(
[image: image3.wmf]A

)


Ex:  Find the probability of not drawing a heart from a deck of cards.

VIII.  Intersection of Events and the Multiplication Rule

Intersection of Events:  Let A and B be two events defined in a sample space.  The intersection of events A and B represent the collection of all outcomes that are common to both A and B (denoted A and B).

	



Joint Probability:  is the probability A and B occur at the same time:   P(A and B) – these are the values in the cells of a contingency table

Ex:  Recall the above capital punishment example.  Consider the following events:
	
	Favors Capital Punishment (C)
	Opposes Capital Punishment (O)
	

	Male (M)
	32
	26
	

	Female (F)
	13
	9
	

	
	
	
	


O = a randomly selected Lawyer is opposed to capital punishment

M = a randomly selected Lawyer is male.

F = a randomly selected Lawyer is female.

What is the probability that a randomly selected Lawyer is male and opposes capital punishment?

What is the probability that a randomly selected Lawyer is opposed to capital punishment and if female?

Multiplication Rule:  The probability of the intersection of two events A and B is:




P(A and B) = P(A) P(B(A).

Ex:  #4.89  pg. 167: A group of 10 people.  4 have type A personalities and 6 have type B personalities.  If two are selected at random, what is the probability that the first has a type A personality and the second has a type B personality?
Multiplication Rule for Independent Events:  The probability of the intersection of two independent events A and B is





P(A and B) = P(A) P(B)

Ex:  The probability that any given person is allergic to a certain drug is .03.  Assume all the events are independent.

What is the probability that 2 randomly selected people is allergic to this drug?

What is the probability that none of 3 randomly selected people is allergic to this drug.

What is the probability that of 3 randomly selected people, at least one is allergic to this drug?

Joint Probability of Mutually Exclusive Events:  If A and B are mutually exclusive, then:

P(A and B) = 0

Ex:  It is known that at the U of A, there are 40% upper classmen and 60% under classmen.  If:


A = a chosen student is an upper classmen 

B = a chosen student is a lower classmen

Find the probability that a randomly selected student is an upper classmen and a lower classmen.

Are mutually exclusive events independent?

IX.  Union of Events and the Addition Rule

Union of Events:  Consider the events A and B.  The union of A and B is the collection of outcomes in either A or B or both.

	



Additional Rule to Find the Probability of the Union of Any Events:  If A and B are mutually exclusive, then:


P(A or B) = 

Ex:  Consider the experiment of randomly selecting a card from a deck of cards.  Find the probability that the card drawn is a face card or a spade.

Ex:  A university president has proposed that all students must take a Statistics course as a requirement for graduation.  
The results are as follows:

	
	Favor
	Oppose
	Neutral
	

	Faculty
	45
	15
	10
	

	Student 
	90
	110
	30
	

	
	
	
	
	


What is the probability that a randomly selected person is in favor of the proposal or is a student?

Additional Rule to Find the Probability of the Union of Mutually Exclusive Events:  If A and B are mutually exclusive, then:
P(A or B) = 

What is the probability that a randomly selected person is in favor of the proposal or is neutral?
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