CH 10.1-10.4 (focusing on 10.3 & 10.4)

-Inference on 2 population means

Basic idea – find sample means of 2 separate groups and compare them to make inferences about the 2 populations means

Independent Random Samples

-each possible pair of random samples – 1 random sample from 1 population and 1 random sample from the other – is equally likely to be the pair of samples selected

Ex:



Cars






Trucks
Honda, Toyota, Chevy


Chevy, Ford, Toyota

Sample 2 from each population – 

Cars sample of size 2




trucks   sample of size 2

H,T
H,C
T,C 





C,F 
C,T 
F,T

Pairs of samples

    Likelihood
H,T – C,F



1/9

H,T – C,T



1/9

H,T – F,T 



1/9

H,C – C,F



1/9

H,C – C,T



1/9

H,C – F,T



1/9

T,C – C,F



1/9

T,C – C,T



1/9

T,C – F,T



1/9

All pairs of samples are equally likely.

Notation:



population 1


population 2

Population mean



(1




(2
Pop. std dev



(1




(2

Sample mean 
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Sample std dev



s1




s2

Sample size



n1




n2

General idea:

1)What are the hypotheses? 


Ho: (1 = (2

or

(1 - (2 = 0

vs


Ha: (1 ≠ (2


or

(1 - (2 ≠  0


Ha: (1 > (2


or

(1 - (2 >  0


Ha: (1 < (2


or

(1 - (2 <  0

2) Compute 
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 =  sample mean for population 1
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= sample mean for population 2

3) Reject Ho in favor of Ha if the difference between the sample means is so far from zero that it is probably not due to sampling error. 

Recall that for a normally distributed variable x

· 
[image: image5.wmf]x

 is approximately normal
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Suppose x1 and x2 are normally distributed for 2 populations, then for independent samples of size n1 and n2

·  
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Thus we can standardize the difference
[image: image11.wmf]

 EMBED Equation.3  [image: image12.wmf]2
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We would use this test statistic (where (1 -(2 = 0) when doing a 2-sample z-test.  For this class we will not be doing z-tests for 2 populations, because in reality the standard deviations are rarely known.

Read 10.1 and 10.2, but we will focus on computation in 10.3.
Note: In reality, the statistic
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only follows a t-distribution if the standard deviations are the same.  But for our purposes, it’s close enough. 

Non-pooled t-tests and t-intervals

- non-pooled refers to the assumption that the populations have different standard deviations.

Hypothesis tests for comparing 2 means

Assumptions

1) Simple random sample

2) Independent samples

3) Normal population or large samples –both samples must be >30
Step 1: Define hypothesis 
Ho: (1 = (2 (or (1 - (2
=0)

vs.

Step 2: decide on (
Step 3: Compute the test statistic
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Step 4: Critical values are 

With df = min(n1-1, n2-1)    - the smallest sample size minus 1

Note: the book uses a complicated equation on page 452, but using 

          df=min(n1-1, n2-1) will be more conservative and a lot easier. 

Step 5: If the value of the test statistic falls in the rejection region, reject Ho. Otherwise do not reject Ho.

Likewise, if the p-value is less than α then reject Ho
Step 6: Interpret

Ex: Two groups of people are given a pill, group 1 gets a sleeping pill, groups 2 gets the placebo. Test at 5% significance level if the time to fall asleep is less with the sleeping pill.

Group 1 (pill)


n1 = 10
   
[image: image16.wmf]1

x

 = 14.7

s1 = 4.147
Group 2 (placebo)


n1 = 9
   
[image: image17.wmf]1
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 = 15.4

s1 = 7.519
Step 1:  Ho: (1 = (2
 
vs 
Ha: (1 < (2
Step 2: ( = .05

Step 3:
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Step 4: The critical values have df = min(9-1,10-1) = 8, so


t.05=1.86, but this is a left tailed test so - t.05=-1.86

Don’t reject Ho. No statistical difference between the pill and placebo.

Here is the mini-tab output for the above.
Two-Sample T-Test and CI 

Sample   N   Mean  StDev  SE Mean

1       10  14.40   4.15      1.3

2        9  15.40   7.52      2.5

Difference = mu (1) - mu (2)

Estimate for difference:  -1.00

95% upper bound for difference:  4.04

T-Test of difference = 0 (vs <): T-Value = -0.35  P-Value = 0.365  DF = 12

Non-pooled t-interval for a difference

Assumptions:

1) Simple random sample

2) Independent samples

3) Normal populations or large samples

Step 1: For confidence level 1-(, use table D to find t(/2 with 

df = min(n1-1, n2-1)

Step 2: The endpoints of the confidence interval for (1-(2 are
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where 
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Step 3: Interpret.  If the interval contains 0, there is no statistical difference between (1 and (2

Ex: Use the ex 1 data to find the 95% CI for the mean difference of using placebo and sleeping pill.

Step 1: ( = .05, df = 8 , so t.025=2.306
Step 2:
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      (  -.7 ±  6.515
or  (-7.215, 5.815)

Step 3: We are 95% confident that this interval captures the true difference.  Since this interval captures 0, the true difference could be 0.
There is special situation where the standard deviations are the same.  Here to is exactly a t distribution.  This is called a pooled 2 sample t.

Consider the unknown, common variance of both populations, say 
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and the standard deviation is 
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.  This sp is called the pooled estimate of (p
Consider the standard error for the difference 2 samples.




[image: image26.wmf]÷

ø

ö

ç

è

æ

+

÷

ø

ö

ç

è

æ

=

-

2

2

2

1

2

1

2

1

n

s

n

s

s

x

x


But since population 1 and 2 have the same variance, replace both 
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This makes the confidence interval for the difference µ1 -  µ2
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where t has n1+n2-2 degrees of freedom.  Note that the book denotes degrees of freedom for t as t(n1+n2-2).

We can also do hypothesis tests with the pooled estimate of (.Everything is the same as the non-pooled test, except for the test statistic.  Here its 
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and we compare this to the critical values with df = n1+n2-2

We won’t use pooled t-tests often because if the standard deviations are equal, the non-pooled t-test is equivalent.

Paired t-test and t-interval

Ex: 10 measurements for gas mileage measurements are taken with a gas additive and 10 without.  Is there a difference at  ( = .05

	Car
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	with
	25.7
	20
	28.4
	13.7
	18.2
	12.5
	28.4
	8.1
	23.1
	10.4

	without
	24.9
	18.8
	27.7
	13
	17.8
	11.3
	27.8
	8.2
	23.1
	9.9


Here 


n1 = 10
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 = 18.85

s1 = 7.48

n2 = 10

[image: image34.wmf]2
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 = 18.25

s2 = 7.42
If we do a 2 sample t-test where 


Ho:(1=(2

vs

Ha:  :(1≠(2

Two-Sample T-Test and CI: with, without 

Two-sample T for with vs without

          N   Mean  StDev  SE Mean

with     10  18.85   7.48      2.4

without  10  18.25   7.42      2.3

Difference = mu (with) - mu (without)

Estimate for difference:  0.60

95% CI for difference:  (-6.43, 7.63)

T-Test of difference = 0 (vs not =): T-Value = 0.18  P-Value = 0.859  DF = 17

At ( = .05,   t(/2,df = 9  is  2.262

Here to is in the non-rejection region, so we would not reject Ho.

Here the variation between cars is “washing out” the treatment variation.

Since we ran each of the 10 cars with the additive and without, we can find the change in gas mileage for each car.  This is the idea behind paired t-tests. 

Instead of finding 
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 and 
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, the average difference per pair.  
We also find the standard deviation of the differences:
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Where n is the number of pairs.

Paired t-test

Assumptions

1) Simple random paired sample

2) Normally distributed differences

Step 1:  State null and alternatives

Step 2:  decide on (
Step 3 Calculate the paired differences of each sample pair.  Compute __ &__

Step 4: Compute the test statistics

where n is the number of pairs.

Step 5: Find the critical values

with df = n-1 =(the number of pairs minus 1)
Step 6: Reject if to falls in the rejection region. 

Step 7: Interpret

Ex: Same data as before.  Each of 10 cars has its mileage recorded with and without the additive.  We test to see if the gas mileage is different with the additive.  Let (=.05

Step 1:  

Step 2: (=.05

Step 3: List the paired difference for each pair


d=(element from group 1) – (element from group 2)

	Car
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	with
	25.7
	20
	28.4
	13.7
	18.2
	12.5
	28.4
	8.1
	23.1
	10.4

	without
	24.9
	18.8
	27.7
	13
	17.8
	11.3
	27.8
	8.2
	23.1
	9.9

	Diff
	.8
	1.2
	.7
	.7
	1.0
	1.2
	.6
	-.1
	0
	.5


Step 4:
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sd = .432
Step 5: df = n-1 = 9 and (=.05 so α/2 = .025, and t.025=2.265
Step 6: to is in the rejection region so reject Ho

Step 7: There is sufficient evidence to say that the gas mileage increases when the additive is used.

Paired t-interval

Same assumptions

Step 1: Find t(/2 with df = n-1

Step 2: The endpoints for (1-(2 are 

Step 3: Interpret

Ex: Find the 95% CI between treatments µd = ((1-(2) in the gas mileage example.

Step 1: (=.05 so t.025=2.262 when df = 9

Step 2:

Step 3: We are 95% confident that the true average increase in mileage is captured by this interval.


There must be a natural pairing to be able to use paired t-intervals and paired t-test, otherwise use the 2 sample t procedures.

Ex: 

Taste test where each person tries 2 colas (pepsi and coke), and rates each.

Measuring a cars speed before and after a person passes a police car.

Any before and after tests.

Note:  The sample size of both groups must be the same size to be able to compute differences.
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