 Hypothesis Test (Test of Significance)

-Formal procedure for comparing observed data with a hypothesis, or statement of truth, that we want to assess.

Null Hypothesis – statement being tested,  called Ho – h “naught”

For our settings, the null hypothesis is Ho: µ=µo (µo is a stated hypothetical  value) In words Ho: there is no difference from the true mean and the hypothetical mean.

Alternative Hypothesis – Ha – there is some difference from the true mean and the hypothetical mean.

The alternative can be


Ha: µ≠µo – the true mean is not equal to the hypothesized mean


Ha: µ>µo – the true mean is greater than the hypothesized mean
Ha: µ<µo – the true mean is less than than the hypothesized mean

The null hypothesis is always Ho: µ=µo, but the alternative depends on the context of the problem.

Ex: A pretzel company makes 454gram bags of pretzels.

If we want to make sure they are not overfilling the bags, and costing themselves money, they would test the hypothesis:



Ho: µ=454

against 
Ha: µ>454

If we want to see if they are under filling the bags, and cheating the customers, they would test:



Ho: µ=454

against 
Ha: µ<454

If both possibilities are of interest, then they test the general hypothesis:



Ho: µ=454

against 
Ha: µ≠454   

Basic Logic of Hypothesis Testing

-Take a random sample from the population. If the data are consistent with Ho, the null hypothesis, then do not reject Ho.  If the sample data is not consistent with Ho, reject the null in favor of the alternative hypothesis, Ha.

Simply, if Ho:µ=µo, we ask is 
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 different enough from µo to say that µ≠µo (or one of the other alternatives)

Ex:  Using the pretzel example, the company says the mean is 454.  We know σ = 7.8 from some previous study.  We take a sample of size n=25, and found 
[image: image2.wmf]x

= 450.  Is this 
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 consistent with the company’s stated mean? 

Ho: µ=454

against 
Ha: µ≠454    - interested in both

We know 
[image: image4.wmf]x

 is normal distributed, so  
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~N(     ,      ), or 



____ = µ    -- the true mean (unknown)


____=_____  =  7.8/(√25) = 1.56

Our sample mean of 450 is 2.56 standard deviations from the company’s stated value of 454.  That would happen less than 5% of the time (according to the 68-95-99.7 rule) if µ was actually 454.


_______________________________________

Here we say 
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 falls in the rejection region, so we reject Ho in favor of Ha and say that the true mean is probably not 454 grams, as the company says.

Errors

Since we are only using partial information for making decisions for the population, we can make errors.  There are 2 types of errors we can make.

Type I error: Reject Ho when it’s true

Type II error: Do not reject Ho when it is not true

Ho is 

	
	True
	False

	Do not 

Reject Ho
	correct
	Type II error

	Reject 

Ho
	Type I error
	correct


decision

In the pretzel example we rejected Ho, so we could only have made a type I error, but we also may not have made any error.

The significance level, α, is the probability of making a type I error.  We want α as small as possible.  

Normally we use α = .01, .05, or .1; this corresponds to being 99%, 95%, and 90% confident in our decision, respectively.

Type I error: obtain sample data with unusually high or low values by random chance, the probability of a type I error is α

Type II error: obtain a random sample with values close to µo , even though the true mean is much higher or lower. The probability of a type II error is β.

For a fixed sample size, the smaller we specify α, the larger β will become.

As P(type I error) ↑    P(type II error) ↓

The only way to decrease the possibility of both errors is to ______________

____________

Possible conclusion:

Suppose that a hypothesis test is conducted at a small significance level.

· If the null is rejected, we conclude that the alternative is true with confidence 1-α
· If the null is not rejected, we conclude there is not sufficient evidence to support the alternative (don’t say we accept the null).

If we reject Ho, we say there is a statistically significant difference between ___ and ____.  Otherwise we say there is no statistical difference.

Obtaining Critical Values

-for a significance level α (usually given), then the critical values must be chosen so that, if the null hypothesis where true, then the probability is α that the test statistic will fall within the rejection region.

For a given α, we can find the critical values z.

Two tailed (Ha:µ≠µo)

Left tailed (Ha:µ<µo)

Right tailed (Ha:µ>µ)

Method for One-Sample z-test (using critical values)

Assumptions:


1) random sample


2) normal population or large sample


3) σ is known

Step 1: Set up the appropriate hypothesis;    Ho: μ=μo against the alternative

two tailed



left tailed



right tailed

Ha: μ≠μo   



Ha: μ<μo   



Ha: μ>μo   

Step 2: decide on a significance level, α

Step 3: Compute the value of the test statistic


zo = 






also called ztest or just z


     =estimate – hypothesized value


standard error of the estimate

Step 4: the critical values are:


two tailed



left tailed



right tailed


     ±zα/2



    - zα




zα

Step 5: If the value of the test statistic falls in the rejection region, reject Ho; otherwise, do not reject Ho.

Rejection regions:

two tailed



left tailed



right tailed

zo<- zα/2 or zo> zα/2


     zo<- zα



    zo> zα

Step 6: Interpret results in plain language (say whether there is a statistical difference or not.

Ex 1: Recommended zinc intake for males over 50 years old is 15 mg/day.  We sampled 115 males age 65 to 74 and the sample mean was 14.2.  From previous research, σ is known to be 4.14.  Do the data suggest daily zinc intake for all maled in this age group (65-74) fall below the recommended level.  Test at α = .05.

Step 1:  Ho: μ = 15
vs.
Ha: μ < 15

Step 2: α = .05

Step 3: 


zo=   14.2 – 15      =     -.8    =    - 2.07


        4.14/(√115)

.386

Step 4: Critical value for α = .05, left tailed test, so CV is  - z.05 = -1.645

Step 5:


_________________________________________


zo= - 2.07    < - z.05 = -1.645     so we reject Ho in favor of Ha 
Step 6: At the .05 significance level (95%CL), the data provides enough evidence to say that the zinc intake is less than 15 mg/day for this age group.

P-value Approach (an alternative to the critical value)

the p-value indicates how likely it would be to see observations of the data that were obtained for the test statistic zo , if the null hypothesis is true.

p-value = P[ getting __ |  Ho]

If Ho were true, a small p-value implies the test statistic is unlikely.

The p-value is literally the probability of getting ___ solely due to random variation, given that Ho is true.  If p-value is small, that is evidence against Ho.  If p-value is large, then getting ___ due to random error is likely.

The p-value is the smallest α at which we can reject the null hypothesis. Always reject if p-value is less than α
two tailed test


​​​​​​​____________________________________________



-|zo|






|zo|

left tailed






right tailed

__________________________


_________________________

       -zo










     zo

One Sample z-test (p-value approach)

Assumptions:


1) random sample


2) normal population or large sample


3) σ is known

Step 1: Set up the appropriate hypothesis;    Ho: μ=μo against the alternative

two tailed



left tailed



right tailed

Ha: μ≠μo   



Ha: μ<μo   



Ha: μ>μo   

Step 2: decide on a significance level, α

Step 3: Compute the value of the test statistic


zo = 





     =estimate – hypothesized value








standard error of the estimate

Step 4: Use the normal table to obtain the p-value

  two tailed



    left tailed



    right tailed

________________
      ___________________
        __________________

2*(area to left of -|zo|​​​​​)

(area to left of –z​o)

1-(area to left of zo)

Step 5: If p ≤ α, reject Ho, otherwise, do not reject Ho.

Step 6: Interpret

Ex 1 from above


Step 1:  Ho: μ = 15
vs.
Ha: μ < 15

Step 2: α = .05

Step 3: 


zo=   14.2 – 15      =     -.8    =    - 2.07


        4.14/(√115)

.386

Step 4: Use z-table

p-value = area to left of –2.07 = .0192

Step 5: Since p-value = .0192   <    α = .05  we will reject Ho
Step 6: Same as above

Ex 2: A tobacco company advertises that the nicotine per cigarette is at most 14 mg.  A consumer protection agency wants to test whether or not the average is more.  We know σ  = 2.8 from a previous study.  A random sample of 300 cigarettes is tested and the average nicotine content is measured at 14.4 mg.  Test the appropriate hypothesis at a .01 significance level.

Step 1:  Ho: μ = 14
vs.
Ha: μ > 14

Step 2: α = .01

Step 3: 


zo=   14.4-14      =        .4       =    2.47


        2.8/(√300)
       .1617

Step 4: Critical value  z.01 = 2.325,  zo = 2.47 > z.01 = 2.325.  The test statistical falls in the rejection region so we reject Ho.

Or , using the p-value approach, the p-value =P[ z > 2.47] = .0068, which is less than α=.01, so we would reject.

With a .01 sign. level, we conclude the mean nicotine is greater than 14.

Ex 3: A company maintains a large fleet of cars for its sales force.  Each month they want to know if there is an increase or decrease in mileage from the same month last year.  A sample of 40 cars was taken and the average mileage was 2,752 miles.  This month last year, the average mileage was 2620 and we know that σ = 429.  Use a 2-tailed test at α = .05 to determine if there is a change in mileage.  

Step 1: H0: µ = 2620

vs  
Ha: µ ≠ 2620

Step 2: α = .05

Step 3:


zo=   2752-2620      =        132       =    1.95


        429/(√40)
       
    67.83

Step 4:  

Critical value:  α = .05 so α/2 = .025 (two tailed test) and the critical values are



-zα/2 = -1.96 
 and 

zα/2 = 1.96

P-value: this is a 2-tailed test, so p-value is 2 P[ x >1.95] = 2*.0256 = .0512

p-value = .0512 > α = .05  

Step 5: zo does not fall within the rejection region (p-value > α) so we do not reject Ho.   

Note: the p-value suggests that if last year’s average mileage and this year’s average mileage are really the same, we would only see a difference like this one about 5.12% of the time.  This does seem unlikely, and we would have rejected Ho at a higher significance level.

Step 6:  At 5% significance level, the data does not suggest a statistical difference in mileage.
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